We explore two parabolic quantum well (PQW) samples, with and without Bragg mirrors, in order to optimise the building blocks of a Bosonic Cascade Laser. The photoluminescence spectra of a PQW microcavity sample is compared against that of a conventional microcavity with embedded quantum wells (QWs) to demonstrate that the weak coupling lasing in a PQW sample can be achieved. The relaxation dynamics in a conventional QW microcavity and in the PQW microcavity was studied by a non-resonant pump-pump excitation method. Strong difference in the relaxation characteristics between the two samples was found. The semi-classical Boltzmann equations were adapted to reproduce the evolution of excitonic populations within the PQW as a function of the pump power and the output intensity evolution as a function of the pump-pump pulse delay. Fitting the PQW data confirms the anticipated cascade relaxation, paving the way for such a system to produce terahertz radiation.
INTRODUCTION
Recently research into coherent light sources based on bosonic systems (known as bosers, or bosonic lasers) has seen a rapid increase [1] . In contrast to conventional lasers based on the phenomenon of stimulated emission, bosonic lasers are based on stimulated relaxation of bosons and the formation of an exciton-polariton condensate [2] . This stimulated relaxation is triggered by the final state occupation of an energy level within a system, and serves as the principal tool for building up of a polariton population in a given energy state [3] . The coherence of boser radiation is the result of spontaneous emission of photons by the condensate after its occupation exceeds unity [4] making such a system ideal for a low-threshold lasing device.
In this paper we build upon the idea of a bosonic cascade laser (BCL) introduced by Liew et al. [5] that is capable of emitting terahertz (THz) radiation, a technologically under-developed section of the electromagnetic spectrum [6] . The BCL uses a cascade mechanism similar to that of the quantum cascade laser (QCL) [7, 8] in order to generate radiation. Unlike the QCL, which uses multiple adjacent quantum wells (QWs) [9] as the cascade ladder, the BCL cascade [10] is formed by equidistant excitonic levels in a single parabolic quantum well (PQW) [11] [12] [13] [14] [15] [16] . Although intersubband polariton QCL lasers have been proposed [17, 18] , these rely upon the need for population inversion between adjacent subbands, analogous to the QCL. In a BCL, however, the amplification is due to the bosonic stimulation of radiative transitions between levels in a cascade. Both the QCL, and a range of other proposed microcavity systems are capable of generating THz [19] [20] [21] [22] , but the BCL uniquely offers increased amplification created by the final polariton state stimulation within the confines of one PQW.
We report on the realisation of such PQW heterostructures, with and without external microcavities (MCs), and explore the optical characteristics of the PQWs compared to a MC sample with conventional rectangular quantum wells (QWs). We experimentally demonstrate that PQWs in a MC are capable of acting as nonresonantly excited polariton lasers, as well as being able to emit light via the bosonic cascade mechanism. We find unusual pump-power dependencies of the photoluminescence (PL) in the PQW sample without MC, which we believe to be due specifically to the bosonic cascade relaxation mechanism. We also investigate the relaxation dynamics of excitons in MCs with parabolic and rectangular QWs. Using a pump-pump method, excitons are seen to relax in the PQW much faster than in a MC with a rectangular QW. We believe the accelerated relaxation in PQW to be an indication of stimulated relaxation in a bosonic cascade and find that the experimental results are in agreement with the BCL model of ref. [5] .
SAMPLES AND EXPERIMENTAL SETUP
A PQW sample without and with (denoted S1 and S2 respectively) Bragg reflectors (DBRs) have been studied, and their relaxation and excitation characteristics have been compared to a planar microcavity sample with square QWs (S3). All samples were fabricated with molecular beam epitaxy. S1 contains an InGaAs/GaAs PQW of width ≈ 50 nm at the top of the potential well, arXiv:1507.08870v2 [cond-mat.mes-hall] 31 Aug 2015 and the parabolic profile was achieved by altering the indium concentration during the growth process from 2% at the InGaAs/GaAs interface to 6% in the middle of QW (see inset in Fig. 1 ). Sample S2 was fabricated similarly with an Al x Ga 1−x As/Al 0.15 Ga 0.85 As QW of ≈ 50 nm width, where the parabolic profile was achieved by altering the concentration of aluminium along the z-axis of the sample from 5% in the middle of the QW to 12% near the interface. The microcavity was formed with two DBRs, each with 17 and 22 Al 0.15 Ga 0.85 As/AlAs paired layers. The Q-factor of the microcavity is approximately 2,000 and the PQW was placed in the middle of 3λ/2 intracavity spacing.
Finally a 5λ/2 planar GaAs cavity, sample S3, consisting of 32 and 35 Al 0.15 Ga 0.85 As/AlAs DBR pairs and 12 rectangular QWs was studied. The Q-factor of this microcavity is approximately 16,000.
The samples were mounted in a close-cycle cryostat to reach a temperature of roughly 5 K. Samples S2 and S3 were excited non-resonantly above the microcavity stopband by femtosecond pulses from a Ti:Sa laser. The laser spot size was approximately 30 µm. S1 was exited with a CW laser resonantly tuned to the exciton resonance in the barrier layers (to the 12 th quantum confined excitonic state, see Fig. 1 ). Such pump conditions allowed us to create excitons rather than electron-hole pairs. To study the exciton relaxation dynamics of S2 and S3 we used a pump-pump technique, whereby two pump pulses separated by a variable delay are used to excite a sample non-resonantly with great temporal resolution giving the time-integrated intensity of the PL as a function of the delay. All PL spectra and k-space images were recorded by a 0.55 m imaging spectrometer equipped with a CCD.
PQW WITHOUT MICROCAVITY.
In order to realise a BCL and confirm its relaxation mechanism, we first characterised the bare PQW sample, S1, to verify that equidistant exciton states had been achieved. Therefore S1 was assessed using sensitive λ-modulated reflection [23] and PL spectroscopy. In Fig. 1 (a) the modulated reflectance spectrum is presented (red curve) and subsequently fitted (solid black line) and up to 11 distinct excitonic states can be resolved. The energy spacing between the neighboring resonances is about 6 meV, or 1.45 THz. The inset in Fig. 1 (a) shows the potential profile for excitons in PQW (blue line) and the positions of equidistant quantum confined excitonic states (horizontal black lines), which creates the bosonic cascade ladder.
We performed a simple analysis of the reflectivity spectrum generalizing the theory developed in refs. [24, 25] for the case of several exciton quantum confined states to fit the modulated reflection data. The modulation technique was used to reduce a noise and to stretch weak The pump wavelength was tuned to the exciton resonance in the barrier layer. The integral PL for each transition was obtained by deconvolution of the PL spectra into a set of Lorentzians.The inset presents the same curves plotted in logarithmic scale to show the low power region.
features connected to the excited quantum confined excitonic states. Following the non-local dielectric response theory, [24] the amplitude reflection coefficient for a QW with several exciton resonances can be written in the form:
Here ω 0N is the resonance frequency, Γ 0N and Γ N are the radiative and nonradiative damping rates for a system of N levels. The phase ϕ N in this equation takes into account a possible asymmetry of the QW potential. Reflectivity R(ω), from the structure with a top barrier layer of thickness L b and a QW layer of thickness L QW , is calculated using the transfer-matrix approach:
where r 01 is the amplitude reflection coefficient from the sample surface.
where K is the photon wave vector in the heterostructure. The calculated derivative reflectivity spectrum is shown in Fig. 1 (black curve).
The peak integrated PL spectra of the sample S1 at different excitation powers has been measured (see Fig 1 (b) ). We have found that the power increase gives rise to the increase of PL intensity from the lowest exciton state followed by its saturation, contrary to the model set out in Ref. [5] where the highest level is seen to populate first, and the lowest level establishing a population last. Simultaneously, the intensity of the PL from the excited exciton states increases super-linearly with pump power and then also saturates. The similar behavior of PL is observed for exciton states under further increase of the pump power. The full set of the PL data consisting of about 500 spectra was analyzed by deconvolution of each spectrum into a set of Lorentzian resonances, corresponding to different exciton transitons. We have found that such deconvolution fits the experimentally observed spectra, if the wavelength of excitation coincides with one of the exciton resonances in PQW or with the exciton resonance in barrier layers. In this case, the pump directly creates excitons rather than uncoupled electron-hole pairs, the relaxation of which differs from exciton relaxation. If electron-hole pairs are created by the non-resonant excitation, a broad structureless background appears in the PL spectra.
We should stress that the observed behavior of the time integrated PL intensities of resonant exciton peaks is a characteristic of PQWs. This is a clear indication that excitons created by resonant excitation relax via cascade between neighboring energy levels. We have studied by the same technique a reference rectangular QW of thickness of about 90 nm and found that no new exciton lines appear in the PL spectra with the pump power increase.
The ability of S2 to act as a polariton laser [3, 26] is a non-trivial question. Heterostructures acting as polaritonic lasers usually contain multiple thin QWs (of roughly 10 nm in width) to increase the oscillator strength of the excitonic transition in order to establish strong coupling. S2, however, contains just one PQW of about 50 nm width. The larger QW thickness and stronger overlap of the electron and hole wave functions in the PQW provides a sufficiently large exciton-photon coupling to make the strong coupling regime and polariton lasing possible [27, 28] . The PL linewidth dependence on the excitation power for sample S2 is seen to narrow significantly at the lasing threshold due to increased coherence of the excitonpolaritons within the sample's polariton trap. Fig. 2 (a) shows the dependencies of polariton mode energies on the laser spot position on the sample S2. One can see that the detuning between the exciton and photon resonances is dependent on the spot position. The anticrossing of polariton modes is clear evidence of the strong coupling regime. In the anticrossing range the reflectivity spectrum exhibits three distinct minima, these can be attributed to the coupling of the heavy-hole and light-hole excitons [29] to the cavity mode. The Rabi splitting of the relating polariton states is about 6 meV.
The pump-power dependence of PL intensities for samples S2 and S3 are shown in Fig. 3 . For both samples the threshold-like increase of the intensity is clearly observed. For the sample S3 the threshold manifests the polariton lasing regime. For the sample S2, the identification of the threshold is questionable without additional experiments. Note, that the PL intensity rises exponentially with pump power below the threshold. At the pulsed excitation this may be an indication of the switching of the system to the lasing regime within a limited timewindow, which becomes larger as the pump power in- crease.We consider it as an indication that the stimulated relaxation occurs in sample S2.
PUMP-PUMP EXPERIMENTS
The pump-pump method we employ allowed one to highlight relaxation processes in the PQW within the MC that may be hidden for studies by conventional time resolved spectroscopy methods due to the reflection from the DBRs [30] . The important property of the stimulated cascade relaxation is its strong dependence on population of the lower-lying exciton state [5] . In the pump-pump method, the first pulse creates some initial density of excitons and the delayed second pump pulse creates additional excitons at the pumped level. Relaxation of these excitons strongly depends on the population of lower energy excitonic levels created by the first pump pulse. If this population is large enough, the stimulated relaxation is triggered and accelerated. This acceleration should result in the nonlinear increase of the total PL signal excited by both pump pulses in the case of competing radiative and non-radiative channels of polariton recombination. The PL intensity should depend on the delay between two pulses; no nonlinear PL increase should occur at very large delays, where the excitons created by the first pulse relax and recombine before the second pulse arrives. Thus the samples S2 and S3 were studied by the pump-pump method. Samples in the cryostat were pumped by two femtosecond pulses. The total time integrated PL intensity was measured as function of delay between two pulses. Fig. 4 shows the delay dependencies of PL intensity measured at different excitation powers of both pulses for samples with PQW (S2) and multiple rectangular QWs (S3). The pumped powers are chosen close to the threshold of lasing. There are several peculiarities in these dependencies. Firstly, there is a strong increase of the PL at a relatively small delay. At the same time, the range of these delays is considerably smaller for PQW (150 ps) than that for rectangular QWs (several hundred ps). These means that the relaxations processes in the PQW is considerably faster than in the rectangular QWs.
Secondly, additional features in these dependencies are observed. For PQW, a relatively narrow dip at zero delay is clearly seen. No such dip is observed for rectangular QWs. This is an indication of significant difference in relaxation processes in these two samples.
Thirdly, some asymmetry of the dependencies for positive and negative delays is observed in both samples. It is caused by the difference in pump powers of first and second pulses. If the weak pulse comes first (negative delay), the exciton population is relatively small, consequently the bosonic stimulation is weak, and the relaxation of excitons created by the weak pulse is relatively slow. When the strong pulse comes first (positive delay), the stimulated relaxation is accelerated compared to the case of a weak pulse coming first.
Finally, an additional peak of PL intensity is observed at the positive delay, if the power of the strong pulse is beyond the threshold.
To understand the second peak at the positive delays one should discuss the time dependence of PL intensity. In ref. [31] , the PL kinetics has been studied at different exciting powers for both below and above the threshold of polariton lasing, P th . It was found that, when the power P < P th , the PL intensity slowly rises and reaches its maximum at t 1 ≈ 100 ps. At later times PL intensity slowly decreases with characteristic decay time t 2 ≈ 400 ps. When the pump power exceeds the threshold, a strong pulse of polariton laser emission appears at time t 1 with the 10-20 ps pulse duration. Such temporal behavior of PL intensity allows us to assume the following origin of second peak in the pump dependencies shown in Fig. 4 . When the sample is pumped by two pulses and the first pulse power is above the threshold two maxima of the polariton laser emission may be seen. The reason is that the number of excitons remained after the first pulse of polariton lasing peak and of excitons created by the second pump pulse is sufficient for the formation of the second peak of polariton laser emission. These effects with polariton lasing appearing twice are expected to be present in the sample S2 with PQW in MC as well as in the sample S3 with rectangular QW in MC. But the time delay and the width of the second peak strongly depends on the relaxation dynamics. Thus in the sample S2 the relaxation is faster than in the sample with a rectangular QW in MC.
MODELLING
Exciton relaxation and dynamics in GaAs MCs has been extensively studied in conventional QWs [32] [33] [34] [35] , particularly in what concerns phonon mediated relaxation. In order to analyze the experimental data obtained for the PQW, we use with the rate equations introduced by Liew et al. [5] , using the Boltzman kinetic theory of relaxation [36] . We consider m distinct excitonic levels in a PQW. The dynamics of population of each of the levels can be described by the following system of rate equations:
Here N 1 denotes to the occupation of the ground level of PQW, N m is the occupation of the highest level, and N k is the occupation of k-level with k = 2 . . . m − 1, α-terms describe the exciton-exciton scattering in the system. Terms P (1) k (0) and P (2) k (τ delay ) describe the initial two pulse excitation where the second pulse comes with a delay τ . Terms −N k /τ k for k = 2 . . . m describe both radiative and non-radiative decay rate of excitons at each level. Phonon-assisted relaxation of excitons is taken into account in these terms. For the first level, only the radiative recombination is taken into account.
Matrix elements W i describe the transition from any level k to any other level k − i in the cascade. Transitions between adjacent levels may be mediated by emission of THz radiation as suggested in Ref. [5] . We generalize this model and consider the THz transitions between all the levels, which is described in the above equations by summation over all levels.
We assume that the pumping is centered at one of the middle levels of the cascade, k, meaning that upward scattering is possible from this level. The upward scattering due to exciton-exciton interaction populates all the levels up to the highest one labeled m. For the structure under study, the exciton-exciton scattering is found to change the amplitude of the PL signal, but does not affect the most important features of the exciton dynamics. The exciton-exciton scattering plays a minor role in our experiments and the corresponding terms in rate equations can be safely omitted.
Experimentally, the system is excited by femtosecond pulses which are relatively broad in energy and capable of pumping several energy levels of the cascade simultaneously. To account for the spectral broadening of the pulse in the model, we assume that polaritons are excited not only at the level k, but also at the nearest levels k −1 and k + 1. In the numerical simulations, the cascade is considered to have maximum number exciton levels m = 9 with level k = 6 receiving the major part of input pulses power, 2P/3, and levels k = 5, 7, receiving 1/6 of total input power each. We have used the following parameters in the calculations:
ps, τ p = 55 ps, τ u = 22 ps. where τ g , τ u , τ p are the decay times for the ground level, pumped levels and levels above the pumped one, respectively. Fig . 5 shows the time evolution of exciton densities at each energy level in the QW, plotted for two different delays between the pulses. As seen from the figure, the population dynamics is quite complex. If the system is excited by a single pulse (solid lines in Fig. 5 ), pumped levels 5 -7 are populated and other levels are almost empty at the initial time interval (t < 10 ps) after the pulse. Due to the high exciton density at the level 5, N 5 >> 1, the Bose-stimulated relaxation from the upper levels 6 and 7 is switched on and the population of this level dramatically increases. The population of level 5 reaches its maximum at t ≈ 5 ps while levels 6 and 7 become empty. The low-lying levels, i = 4 . . . 1, are slowly populated while the exciton density is not reached a critical value for Bose-stimulated relaxation. This critical value is achieved for the level 4 first because, in the framework of our model, the relaxation between adjacent levels is more efficient, W 1 > W 2 , . . . , W 4 . This explains the threshold-like increase of population of the level 4 at time t ≈ 30 ps. Similarly, populations of levels 3 and 2 is rapidly increase at time t ≈ 60 ps and t ≈ 120 ps, respectively [see respective curves in Fig. 5] . However, the population of the lowest exciton level, 1, is not efficiently boosted via this pathway because of the low population of the adjacent level 2. Therefore we have to assume in our model that there is a direct relaxation of excitons from the pumped level 5 to the lowest level. As we will see below, this process explains the second maximum observed experimentally in pump-pump experiments [see Fig. 4 (a) ]. Nonradiative losses of excitons, described by terms −N i /τ j in EQs. (3) - (5), compete with the relaxation processes. The integral magnitude of losses depends on the time, spent by excitons are at the excited levels. This time can be drastically shortened and, correspondingly, the PL yield can be increased, if appropriate experimental conditions initiating the Bose-stimulated relaxation are fullfiled. In particular, the excitation power, which should be close to the threshold power for polariton lasing [37] . Separation of the excitation pulse in two pulses also helps controlling the population of different exciton levels (see Fig. 5 ) and, hence, the nonradiative losses. Once the excitons created by the first pulse have relaxed to the 5th level (it takes of about 5 ps), the excitons created by the second pulse delayed by τ = 5 ps rapidly relax from the 6th and 7th levels to the 5th one via Bosestimulated process. This stimulation gives rise to the increased population of level 5 relative to that obtained for zero delay, as one can conclude comparing solid and dashed lines N 5 in Fig. 5 . The corresponding increase of population is observed also for other levels. In particular, a remarkable increase of population is observed for level 1, which is the key point for understanding of the dip in the delay dependence of PL intensity observed experimentally, see Fig. 4 (a) . Figure 6 shows the integral PL intensity, I P L , as a function of the delay between pulses, τ delay , for two excitation powers with total power, P
(1) + P (2) < P th , where P th is the threshold power for polariton lasing. Curves I i represent the contribution of each transition term having form W i−1 N i (N 1 + 1) for i = 2 . . . 6, into the total PL. As one can see from the figure, the modelling predicts a dip in the PL intensity at the small delays. It is clear from the discussion above that the dip is due to the increase of PL intensity at the delay increases up to several picoseconds.
Further increase of delay between the pulses gives rise to the depopulation of level 5 when the second pulse arrives. As a result the Bose-stimulated relaxation of levels 6 and 7 excited by the second pulse becomes less efficient and the nonradiative losses increase. This explains the decrease of PL intensity at delays τ = 10 . . . 40 ps, see Fig. 6 (b) . However, when the delay τ > 40 ps, the population of the ground exciton level is so large (N 1 >> 1) that the direct Bose-stimulated relaxation from level 6 described by term W 5 N 6 (N 1 + 1) becomes efficient pathway for the exciton relaxation to the ground level. Correspondingly, efficient depopulation of level 6 occurs that results in the decrease of nonradiative losses. These processes explain the appearance of second peak at the delay dependence of PL intensity. The calculated behavior of total PL intensities at weak and strong pumping qualitatively reproduce the experimental results (compare with Fig 4 (a) )
CONCLUSIONS
Present experiments and modelling shed light on the exciton dynamics in bosonic cascades; the pump-pump method being a powerful tool for the study of the fast relaxation dynamics at the non-resonant pumping. When the only one pump pulse is used for excitation, the relaxation occurs via one pathway. Using the second pulse allows one to switch the relaxation between different pathways depending on delay between the pulses which we demonstrate experimentally and through modelling. We have found a qualitative agreement between the theoretical model of a BCL in a PQW system and experimental results. Because the pump-pump method is based on strong non-linearity of PL yield on the pump power, which is close to the threshold, we could not expect the quantitative agreement of the theory and the experiment. However, the modelling showed that there are two different pathways for relaxation in the system. The first pathway is the relaxation via cascade transitions, where all levels are being filled, and the second pathway is the direct transition from the pumped level to the ground one. By taking these pathways into account, the model may be generalized for larger number of levels or for other initial conditions. Taking into account the fact that minimum in the PL at zero delay occurs only if polaritons are exited on at least two adjacent levels, it is possible to explain the difference in PL for PQW and bare QW shown in Fig 4: the levels in bare QW stand far from each other and polaritons are excited only at one energy level. Due to this there is no minimum at zero delay between pump pulses. However the relaxation process in the bare QW still may be described by the rate equations, but with different parameters values.
As a conclusion this work shows potentiality of microcavities with embedded PQW for realization of Bosonic Cascade Lasers.
